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In today’s competitive manufacturing landscape, large enterprises manage multiple production sites, leading to
complex scheduling challenges. This study investigates the Distributed No-Idle Permutation Flowshop Sched-
uling Problem (DNIPFSP), where the objective is to minimize makespan across multiple identical factories while
ensuring continuous machine utilization without idle time. To address this problem, we propose both approxi-
mation and exact methods. For the approximation method, we introduce a novel Greedy Randomized Adaptive
Search Procedure (GRASP). On the exact optimization side, we develop three mathematical formulations: a
sequence-based model, an improved position-based model, and a restricted version of the improved position-
based model, where the upper bounds of decision variables are determined through a two-stage process. First,
an initial GRASP solution is obtained, and based on this solution, an additional model is solved to compute the
upper bounds of decision variables. The Benders decomposition algorithm is then applied to efficiently solve
problem instances. To further improve computational efficiency, we introduce a hybrid Benders decomposition
algorithm, incorporating heuristic-derived cuts alongside standard Benders cuts. Additionally, symmetry-
breaking constraints are integrated to strengthen the formulations. Extensive benchmark experiments demon-
strate the superiority of the proposed methods over existing approaches. The hybrid Benders decomposition
algorithm with symmetry-breaking constraints significantly outperforms the best-known models in the literature,
optimally solving 419 out of 420 small-sized instances with an average optimality gap of 0.011%. Additionally,
the GRASP achieves the lowest average relative percentage deviation (RPD) for large-sized instances, demon-
strating its effectiveness in large-scale scheduling optimization.

on certain performance measures. Two primary objectives in scheduling
research are minimizing makespan and total flowtime. In DPFSP,
minimizing makespan improves production efficiency, reduces costs,

1. Introduction

In today’s globalized and decentralized economy, the importance of

multi-factory systems is on the rise [1-4]. On the other hand, researchers
have concentrated on narrowing the gap between theoretical and
practical scheduling by examining more practical adaptations of the
flowshop problem to more effectively tackle real-world challenges [5].
As aresult, there is growing focus on production scheduling within these
multi-factory settings, commonly called the distributed scheduling
problem [6-9]. Distributed permutation flowshop scheduling (DPFSP) is
a key challenge in distributed scheduling, and a variation of the standard
permutation flowshop scheduling problem (PFSP). The PFSP involves
processing N jobs across F identical factories, each containing M ma-
chines organized in a flowshop arrangement. The objective is to
distribute jobs across factories and define the processing sequence based
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and enhances customer satisfaction.

Introduced by Naderi and Ruiz [10], DPFSP focuses on minimizing
makespan across multiple factories. They pointed out that this problem
presents greater complexity compared to PFSP, which involves job
scheduling within a single factory. To tackle this, they introduced two
constructive heuristic methods and further refined their results through
the application of a Variable Neighborhood Search (VNS) metaheuristic.
Since their groundbreaking work, a wide range of heuristic and meta-
heuristic methods have been proposed to tackle the DPFSP, primarily
aimed at reducing the makespan.

Several heuristic and metaheuristic approaches have been proposed
to solve the Distributed Permutation Flowshop Scheduling Problem
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(DPFSP) with the objective of minimizing makespan. One of the earliest
contributions was an improved version of the NEH2 heuristic introduced
by Naderi and Ruiz [10], incorporating a new insertion rule [11]. Sub-
sequently, various advanced algorithms have been developed, including
a hybrid genetic algorithm (HGA) with an enhanced local search tech-
nique [12], a modified Variable Neighborhood Descent (VND) that in-
tegrates an improved NEH heuristic [13], and a tabu search (TS)
algorithm, which explores neighboring solutions by swapping sub-
sequences between factories [14]. Further developments in meta-
heuristics include a modified iterated greedy (MIG) approach [15], an
estimation of distribution algorithm (EDA) that models explicit proba-
bility distributions [16], and a scatter search metaheuristic [17]. Other
notable techniques involve a hybrid immune algorithm (HIA) [18], a
bound-search iterated greedy (BSIG) method combining multiple local
search strategies [19], and a chemical reaction optimization algorithm
[20]. More recent studies have introduced a two-stage iterated greedy
algorithm (IG2S) [21], an artificial bee colony (ABC) algorithm [22],
and a multi-agent system based on Nash Q-learning [23]. Additionally,
Iterated Greedy (IG) methods have been successfully applied to solve
DPFSP with sequence-dependent setup times [24]. Beyond these meta-
heuristic approaches, Hamzaday: [25] introduced a Benders
decomposition-based exact solution method specifically designed to
minimize makespan in DPFSP. This demonstrates that, while meta-
heuristics dominate the literature, exact methods have also been
explored to enhance solution quality and guarantee optimality in certain
cases.

The no-idle permutation flowshop scheduling problem (NIPFSP)
plays a crucial role in manufacturing sectors like fiberglass production
and foundries, where machine setup costs are significant, making the
stoppage and restarting of machines impractical [26-28]. As a result,
many managers choose to extend job completion times by delaying the
initiation of the first job on each machine. This challenge was initially
explored and proven to be NP-Complete [29], prompting the develop-
ment of various algorithms aimed at solving NIPFSPs [30-32]. The IG
algorithm introduced by Ruiz and Stutzle [33] was modified by Pan and
Ruiz [26] to focus on minimizing makespan in the mixed NIPFSP. Their
IGpg algorithm integrates aspects from the FRB41 algorithm [34],
enhancing the initialization and reconstruction steps using insertion
neighborhoods, which boosts diversity in the search for optimal solu-
tions. A numerical comparison of 1750 instances revealed that the IGpg
algorithm outperformed other existing heuristics. Furthermore,
IG-based algorithms have proven effective in addressing various
scheduling problems [26,33,35-39], consistently showcasing superior
performance in both tractability and near-optimal solutions for the
NIPFSP.

The first contribution to no-idle DPFS problems (DNIPFSPs) is Ying
et al. [9], who introduced a position-based mixed integer linear pro-
gramming (MILP) model along with an Iterated Reference Greedy (IRG)
algorithm to address the problem. Additionally, they expanded the test
set from Naderi and Ruiz [10] by introducing new instances for evalu-
ating their approach, based on the benchmark by Vallada et al. [40] for
the permutation flowshop problem, labeled as TB2. Their method was
compared to approach proposed by Pan and Ruiz [26] for NIPFSP,
focused on minimizing makespan, but did not incorporate distributed
scheduling strategies. In the mixed no-idle permutation flow shop
problem (mixed NIPFSP), most machines are permitted to have idle
periods, while others must operate continuously without idle periods.
Cheng et al. [41] investigated the mixed DNIPFSP with the objective of
minimizing the makespan. They developed a MILP model inspired by the
works of Naderi and Ruiz [10] and Pan and Ruiz [26], which addressed
the DPFS and the mixed no-idle PFSP, respectively, both focusing on
minimizing the makespan. Chen et al. [42] investigated the
energy-efficient distributed no-idle permutation flow-shop scheduling
problem, focusing on reducing both makespan and total energy con-
sumption. They developed a collaborative optimization algorithm
(COA) combined with specific collaborative strategies to efficiently
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solve the problem. Focusing on total completion time as the objective, Li
et al. [43] tackled the mixed DNIPFSP by introducing a MILP model and
an IG algorithm. To efficiently compute the objective function, they
utilized a speed-up procedure.

This paper advances this area of research by tackling DNIPFSP,
specifically aiming to minimize the makespan. As mentioned earlier,
minimizing makespan and total flowtime are central goals in scheduling
research. When focusing on the DNIPFSP and aiming to minimize
makespan, the problem can be expressed as DFp|prmu; no_idle|Cpax [9]
following the notation introduced by Graham et al. [44]. Since this
problem, when limited to a single factory, reduces to the NP-Complete
NIPFSP [29], it can be concluded that DF,,|prmu; no_idle|Cpnqyx problem
is also NP-Complete [9]. To the best of our knowledge, the only study
addressing DFy|prmuw; no_idle|Cpay is by Ying et al. [9]. Perez-Gonzalez
and Framinan [45] provide an extensive review and classification on
DPFSPs, offering more in-depth insights for those looking to explore this
area further.

To bridge the gap for DFp|prmw; no_idle|Cmqy, both exact and
approximation algorithms are included in this paper. Specifically, we
introduce three MILP models along with a greedy randomized adaptive
search algorithm (GRASP) [46,47] to effectively solve this problem. In
this paper, LS3 algorithm is modified so that it can improve not only the
critical factory (with the highest makespan) but also other factories, and
is integrated into GRASP as a local search. Although GRASP is widely
used to solve scheduling problems in the literature, it has, to our
knowledge, not yet been applied to any variant of DPFSPs. Two of MILP
models mentioned above are the sequence-based (SB) model and the
improved position-based (IV_PB) model. This paper also introduces a
procedure that combines another MILP model with a heuristic solution
obtained through GRASP to determine an upper bound value for the
decision variables in IV_PB model, aiming to eliminate unnecessary
extra positions in IV_PB model. Subsequently, a new MILP model based
on IV_PB model is developed by restricting the decision variables using
the obtained upper bound value, referred to as RIV_PB model. Initially,
the traditional Benders decomposition algorithm is applied to the
RIV_PB model. To speed up convergence, a hybrid method is then
generated by combining the RIV_PB model with GRASP within the
Benders decomposition structure.

This paper is organized as follows: In Section 2, the PB model by Ying
et al. [9] along with the proposed SB and IV_PB models are presented. In
Section 3, a procedure is outlined that combines a MILP model with a
heuristic approach to calculate an upper bound for the decision variables
in the IV_PB model. Section 4 introduces the RIV_PB model, which is
derived from the IV_PB model by limiting the number of decision vari-
able positions. Section 5 covers the proposed Benders decomposition
algorithms, while Section 6 explains the GRASP algorithm. Section 7
delves into the computational experiments, and Section 8 gives a
concluding overview of the paper.

2. Mathematical formulations

This section presents the important assumptions for DFp|prmu;
no_idle|Cmax problem and then explains the position-based (PB) model,
improved version of the position-based (IV_PB) model and sequence-
based (SB) model, respectively.

e The problem involves F identical factories (F > 1) situated in
different areas, collectively responsible for processing a set of N jobs.

e Factories operate under the same workflows, with each featuring a
flowshop production system and a fixed sequence of M machines.

e Each job must be allocated to one of the F identical factories for
processing and all jobs are processed sequentially on the M ma-
chines, maintaining the same order without interruption.

e Each machine must operate continuously without idle time between
consecutive jobs.
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e All jobs are ready from the beginning, and the initiation of the first
job on each machine can be delayed to eliminate periods of
inactivity.

e Jobs are processed one by one on each machine, with identical
processing time across all factories.

e Interruptions or machine breakdowns are not considered in the
model.

e The aim is to distribute jobs across factories and arrange their pro-
cessing order in a way that minimizes the makespan (Cpqy)-

Table 1 lists the parameters and indices that are frequently employed
in the models.

2.1. Position-based (PB) model

PB model is the only model available in the literature for addressing
DF,|prmw; no_idle|Cpqy, which was introduced by Ying et al. [9]. PB
model employs binary and continuous decision variables.

Xk s — A binary decision variable that is 1 when job j is placed in
position k in factory f, and 0 if not.

Ck,i,f — The completion time of the job at position k on machine i in
factory f is represented by this continuous decision variable.

MinimizeC gy (€D)]
N F
S Kue=1je{l, ., N} @)
k=1 f=1
N F
DY Xuw=1 ke{l, .,N} ©)

-
||

=1 =1

N
Crir=Y Xurx Pufe{l, . ,Flyie{l, ..M} )
=1

N
C. if = Ci1, if + ZXj,k,f x Py fe{l,

LFhie{l, ..M} k
j=1
€{2, ..,N} ®)
N
C 1f > ij.k.f x Py fe{l, ...,F}; ke {l, ..,N} (6)
j=1
Cy, if >Ck11f+z e x Pife{l, . F};ie{2, ....M}; k
e{1, ..,N} @)

Cmax >Ceisfe{l, ....,Fie{l, ..,.M}; ke {1, ...,N} (8)
Cvir >0fe{l, ...,F}; ie {1, M}; ke {1, ...,N} 9
XjAk,f E{Oa 1}f€{17 ~7F}; j*,ke{]-: N} (10)
Table 1
Model parameters and indices.

Model Explanation

parameter

F Total factories available

N Total jobs available

M Total machines available

b kp Jobs indices (or positions in the job sequence); j, k, p € {1, 2,...,

N}

f Factory indices; f € {1, 2,..., F}

i Machine indices; i € {1, 2,...,M}

Pj; The time required to process job j on machine i

9 A significantly large positive number
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Constraint set (1) defines the makespan, representing the maximum
time required to complete all jobs across the factories. Constraint set (2)
addresses job assignments, ensuring that each job j is assigned to exactly
one position k within a given factory f. Constraint set (3) concerns po-
sition occupancy, guaranteeing that each position k in all factories is
occupied by exactly one job. Constraint set (4) defines the completion
time of the first job on machine i in factory f, based on the processing
times of the assigned jobs. Constraint set (5) handles the completion
times of the following jobs, ensuring that the no-idle condition is satis-
fied by calculating the completion time of job k on machine i in factory f,
considering the previous job’s completion time. Constraint set (6) en-
sures that the completion time on the first machine in factory f is
determined by the processing times of the assigned jobs. Constraint set
(7) requires the completion time on machine i in factory f to include the
completion time from the preceding machine. Constraint set (8) calcu-
lates the makespan, ensuring it is at least as large as the completion time
for any job on any machine. Constraint set (9) enforces non-negativity
for all completion times, preventing negative values. Finally,
constraint set (10) defines X r as a binary variable.

2.2. Improved version of the position-based (IV_PB) model

The PB model allows for the opening of a number of positions that
corresponds to the total number of jobs in each factory. However, it does
not ensure that jobs are assigned to these positions in a sequential
manner. For instance, take a case where F = 2 and N = 6; a possible
solution according to the PB model might be X317 = X137 = X412 =
X322 = X542 = Xp52 = 1. In this case, jobs 1 and 3 are assigned to
factory 1 in the order {3, 1}, while jobs 2, 4, 5, and 6 are assigned to
factory 2 in the order {4, 2, 5, 6}. Specifically, jobs 1 and 3 fill positions
1 and 3 in factory 1, leaving positions 2 unoccupied. Similarly, in factory
2, jobs 4, 2, 5, and 6 are allocated to positions 1, 2, 4, and 5, while
positions 3 remain empty. This example highlights that PB model does
not guarantee a sequential assignment, resulting in potential gaps be-
tween assigned positions. Constraint set (3) in the PB model makes
certain that exactly N positions are filled from a total of N x F available
positions. However, it does not guarantee that these filled positions are
in a sequential order. Our aim is to design a model that guarantees jobs
are assigned to positions in a sequential order. In light of the previous
example, we want to guarantee that jobs 3 and 1 in the first factory are
assigned to positions 1 and 2, and that jobs 4, 2, 5, and 6 in the second
factory are assigned to positions 1, 2, 3 and 4 as well. To implement this,
the model is modified by removing Constraint set (3) and introducing
Constraint sets (11) and (12), which are described below.

N
> X <1fed{l, .., Fh ke{l, ..,N} an
j=1

N N
ZXj‘k7fZZXj‘k+lvffe {1 ...,F}; k e {1, (N—l)} (12)
=1 =1

Constraint set (11) specifies that each position k in every factory f can
be assigned to no more than one job. It ensures that each position within
a factory is occupied by only one job, preserving the integrity of the
scheduling. Constraint set (12) establishes a relationship between
consecutive positions in the schedule. Specifically, it ensures that if a job
occupies position k, then at least as many jobs must occupy position
k+1. This prevents scenarios where jobs could be skipped between po-
sitions, promoting a continuous flow of job processing.

Equation (1)

Constraint sets (2), (5), (7), (9), (10), (11), (12)

N
Ciir=) Xaex Pufefl, . F} (13)

=1
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Cmax 2 C:N. M,f fe {17 7F} (14)

Constraint set (4) in the PM model calculates the job’s completion
time for the first position on each machine m in all factories f. In IV_PB
model, as specified in Constraint set (13), it is adequate to evaluate the
completion time of the job in the first position exclusively on the first
machine for each factory f. Constraint set (14) guarantees that the
maximum completion time Cy,,x is no smaller than the completion time
of the final job on the last machine in each factory. While Constraint set
(14) requires only F different constraints to determine the Cpax value,
Constraint set (8) requires N x M x F different constraints. In addition,
due to its more compact structure, IV_PB model does not require the
Constraint set (6).

In the IV_PB model, decision variables Xjy s (where j, k € {1, ..., N}
and f € {1, ..., F}) include a factory index. Since multiple identical
factories exist, a feasible schedule can be assigned in F! ways. To handle
this symmetry, different inequality sets can be used [48], but not
simultaneously. Below, the symmetry breaking inequalities called SBC1,
SBC2, SBC3 and SBC4 are given and explained in detail, respectively.

Constraint set (15) (called SBC1) addresses symmetry by introducing
a hierarchical order for assigning jobs to factories [49]. It states that if
job p is allocated to factory f, then at least one job j (wherej € {1,...,N}
and j<p) must be completed in factory f—1. This condition guarantees
that the processing of subsequent jobs is linked to the execution of
earlier jobs in the previous factory, ensuring a coherent flow of opera-
tions between factories.

N N
ZXP ij.k,m fe{2, ..,

k=1 =1 k=1

-1

o

Fl: pe {2, ..,N} (15)

Il
-

An alternative hierarchical set of constraints [48] can be utilized as
specified in Constraint set (16) (called SBC2). This constraint set relates
the jobs assigned to job p in factory f to the number of factories. On the
left side, the total number of jobs assigned to job p is multiplied by the
number of preceding factories (f—1). This indicates that the assignment
of jobs in factory f must not exceed the total number of jobs assigned in
previous factories (from 1 to f—1) for earlier jobs j (from 1 to p—1). In
essence, the total number of jobs for job p in factory f cannot surpass the
cumulative assignments from the earlier factories.

—1

N
ZkafX f 1 Z

j k=1 s=1

f-1
X ffe{Z

o

. Fhped2, ...,N}

Il
—

(16)

To break the symmetry, the lexicographic ordering constraints
[50-53] presented in Constraint set (17) (called SBC3) can be imple-
mented. It compares the job assignments between two consecutive fac-
tories, f and f+1. On the left side, it calculates the total number of jobs
assigned in factory f, with a weighting factor of 2% that prioritizes
later jobs j (jobs closer to p). The right side does the same for factory f+1.
The key point is that the total weighted job assignments in factory f must
be at least as large as those in factory f+1. This guarantees that there
isn’t a substantial decrease in work assignments when transitioning from
one factory to another, promoting a more balanced allocation of tasks.

N

Xp:z2p']>< kf>zz2p']>< kf+lf€{1

j=1 k=1 j=1 k=1
c{1, ..,N} an

Rather than setting constraints for each job cardinality level, another
lexicographic ordering constraints [48] described in Constraint set (18)
(called SBC4) can be employed to define a specific order that includes all

F=1}p

jobs.
N N ) N N .
SO M Ky = YD 2N X Ky FE{1, L F-1} (18)

=1 k=1 =1 k=1
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2.3. Sequence-based (SB) model

SB model is capable of addressing DF,|prmu; no_idle|Cpqyx without
needing to explicitly index factories. This model requires the following
decision variables:

Xkj — A binary decision variable that is 1 if job j is scheduled right
after job k, and 0 otherwise.

Cj,i = The completion time of job j on machine i is represented by this
continuous decision variable.

Equation (1)

N

E Xy =1je{l, N} (19)
K0k

N

> Xy <1ke{l, .,N} (20)
j=0, K

N
> Xoj =F 1)
=1

N
> Xuo=F-1 (22)
=)
Xej+ Xk <1je{l, .. N} k#j, j)k; ke {1, ...,.N—1} (23)
Gi = Paje{l, ...N} 24)
Gi > G i1+Pijed{l, ..,.N}ie{2, ..,M} (25)
Gi= CoitPitox (Xg—1)ie{l, ..M} jke{l, . ,N}|j#k

(26)

Cnax 2Cjmj€ {1, ...7N} 27)
Cj,i 2 0 1 S {17 --7M}; .] € {1~ 7N} (28)
X €{0, 1}j.k€{0,1, ...,N} | j#k (29)

Constraint set (19) ensures that each job j is immediately preceded
by exactly one other job k (where k equals 0, representing the starting
point), ensuring that every job has a distinct predecessor. Constraint set
(20) ensures that each job k can be followed by no more than one job j,
preventing multiple jobs from being processed directly after the same
job. Constraint set (21) mandates that the number of jobs starting
immediately after the dummy job (0) must be equal to the number of
factories F. Constraint set (22) ensures that dummy job O is a successor to
exactly F—1 jobs. Constraint set (23) eliminates circular dependencies
between jobs k and j, ensuring that if job j follows job k, then job k
cannot also follow job j. Constraint set (24) specifies that job j’s
completion time on the first machine must be at least as large as its
processing time P; ;. Meanwhile, Constraint set (25) specifies that the
completion time of job j on machine i must be no less than the total of its
completion time on the previous machine and the processing time on the
current machine. Constraint set (26) states that if job j follows job k, its
processing on any machine i cannot begin until job k has finished its
processing on that machine. Constraint set (27) ensures that the
maximum completion time Cp,qy is at least equal to the completion time
of any job j on the last machine M. Finally, the decision variables are
defined by Constraint sets (28) and (29).

The SB model employs a dummy job O to split the full sequence into F
segments, each corresponding to a distinct factory. This segmentation is
carried out by embedding F repetitions of the dummy job 0 at various
positions in the sequence, alongside the actual jobs. As a result, the
model explores a search space of size N+F positions. For instance, if N =
6 and F = 2, a possible solution might be represented by Xo¢ = X¢ 3 =
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X30=Xo,1 =X1,4 =X42=Xo5=1, resulting in the sequence {0, 6, 3, 0,
1, 4, 2, 5}. In this instance, jobs 3 and 6 are assigned to factory 1 in the
sequence {6, 3}, whereas the other jobs are assigned to factory 2 in the
sequence {1, 4, 2, 5}.

3. The procedure for determining the upper bound value in the
IV_PB model

As can be seen from the Constraint set (10), both PB and IV_PB
models require a total of N x N x F number of decision variables Xj s
(wherefe {1, ..., Ftand j, k € {1, ..., N) to solve a given instance. As an
example, with N = 10 and F = 3, the model will involve 300 activated
decision variables Xjx s . Therefore, each model will contain 100 decision
variables for every factory index f. However, in the given example, there
are only 10 jobs available. If we assume F = 1 instead of F = 3, this
results in 90 positions being unfilled after 10 jobs are allocated. In the
case of F = 3, there will be 290 empty positions. A similar situation is
valid for the decision variables Cy ;r (where k € {1, ..., N},i€ {1, ..., M}
and f e {1, ..., F}) given in the Constraint set (9), where k index indicates
position.

The proposed IV_PB model assigns jobs to positions sequentially. In
other words, in any factory f, no job can be assigned to position k unless
a job is previously assigned to position p, with the condition p<k. By
taking advantage of this feature of IV_PB model, completely new
mathematical model has been designed to determine the maximum limit
for the number of positions within the decision variables of the IV_PB
model, with further details provided below. To achieve this, a heuristic
solution value (denoted as h Cpgy) is first determined for a given
instance using the proposed GRASP, which will be detailed in the
following sections. The h_Cyq, value essentially represents the comple-
tion time of the factory with the longest completion time among the F
factories. The proposed mathematical model seeks to identify the
maximum number of jobs that can be allocated to a single factory, taking
into account all jobs in a specific instance, and ensuring that the
completion time of the last assigned job does not exceed h Cpqx value
determined for that instance. The decision variables of this model, which
aims to maximize the number of jobs assigned to a single factory, based
on the given heuristic solution value (h Cpqy), are presented below.

Xjx — Binary decision variable that is 1 when job j is placed in po-
sition k, and 0 if not.

Ck,i — The completion time of the job at position k on machine i is
denoted by this continuous decision variable.

N N
Maksimize Z = Z ZXN‘ (30)
j=1 k=1
N
3 X <1jefl, . N} (31)
k=1
N
) X <1ke{l, ..,N} (32)
j=1
N N
> X =Y X ke{l, . ,N-1} (33)
j=1 j=1
N
C]7 1= ZXJI X Pj‘l (34)
=1
N
Coi=Cri+» Xy x Pyie{l, ..M} ke{2, ..,N} (35)
j=1
N
Cei >Cg i+ ij.k x Pjyie{2, ...,.M}; ke{l, .. N} (36)

=1
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Cim <h Cmax k e {1, ...,N} (37)
Ci>0ie{l, ..M} ke{l, ... N} (38)
Xj.k € {O 1} k~.] € {17 N} (39)

The objective function (Constraint set (31)) seeks to maximize the
total number of jobs assigned to a factory, represented by Z. Constraint
set (31) ensures that each job is assigned to at most one position within
the factory. Constraint sets (32) to (36) handle cases where the factory
index is not included in Constraint sets (11), (12), (13), (5), and (7),
respectively. Constraint set (37) limits the job’s completion time at po-
sition k, ensuring it doesn’t surpass the value of h_Cmax. Finally,
Constraint sets (38) and (39) specify the acceptable ranges for the de-
cision variables in the problem.

4. RIV_PB model generated by limiting the number of positions
in IV_PB model

RIV_PB model is formulated by limiting the upper bounds on the
number of positions for both binary, X s (where f€ {1, ..., F} and k, j €
{1, ..., N}), and continuous, Cy ;s (Where fe {1, ...,F};ie{l,.., M} ke
{1, ..., N}), decision variables, to the Z value determined in the previous
section. RIV_PB model described below, in contrast to IV_PB model,
limits the total number of positions that can be utilized in the factories.

Equation (1)

Y4 F
Z ij.k,f =1je{l, ..,N} (40)
k=1 f=1
N
> Xue<1fe{l, . .F}; kefl, ...Z} (1)
=1
N N
D Xk =Y Xipasfe{l, . Fl kefl, .. (Z-1)} (42)
=1 =1
N
Ci1f= ij.l.f x P fe{l, ... ,F} (43)

j=1

N
Cy, if = G, i.f+ZXj.k.f x P fe{l, .. Flie{l, ..M} k
=

e{2, ...7} (44)

N
Cr if > Cy i—l,f"!‘zxj‘k,f x P fe{l, ... F};ie{2, ... M}; k
=1

e{1, ...,Z}
(45)
Cmax > Cz me fe {1, ....F} (46)
Cuir 20fe {1, ...,F};ie {1, ...M}; ke{l, ...,Z} 47)
Xixr €10, 1} fe {1, ...F}; ke {1, ..,Z}; je {1, ...,N} (48)

5. The proposed Benders decomposition algorithms for solving
DNIPFSP

The Benders decomposition algorithm, originally introduced by
Benders [54], is a cutting-plane method widely used to solve complex
combinatorial optimization problems [55]. It decomposes the original
problem into two interconnected models: the master model (MM),
derived from the master problem (MP), and the submodel (SM), derived
from the subproblem (SP). The MM consists of a subset of the original



A. Hamzadayr and M.G. Van

problem’s variables and constraints, defining high-level scheduling and
assignment decisions. The SP is constructed by fixing the variables
determined by the MM solution and incorporating detailed feasibility
and timing constraints. The solution process is iterative. The MM is first
solved, providing values for its decision variables. These values are then
used to construct and solve the SM. If the SM is infeasible, this implies
that the MM’s solution is also infeasible for the original problem. In such
cases, a feasibility cut is generated from the dual of the SM and added to
the MM to eliminate that infeasible solution. If the SM is feasible, an
optimality cut is applied to refine the MM’s solution space.

A key advantage of Benders decomposition is its ability to handle
large-scale problems, as both the MM and the SM are typically easier to
solve than the original problem. This often results in faster convergence,
even though multiple iterations may be required [56]. A significant body
of research has explored various strategies to enhance the efficiency and
performance of the Benders decomposition algorithm, demonstrating
that modifying specific components of the algorithm can yield sub-
stantial performance improvements (e.g., [48,57-59]).

This paper proposes an enhancement to the Benders decomposition
algorithm by introducing an additional cut in each iteration to improve
efficiency. To achieve this, we integrate the traditional Benders
decomposition algorithm with GRASP. In this section, we first apply the
basic form of Benders decomposition to the RIV_PB model discussed
earlier. Then, we introduce a hybrid version of the algorithm aimed at
accelerating the convergence of the original method.

5.1. The proposed pure Benders decomposition algorithm

In this section, we introduce a pure Benders decomposition algo-
rithm developed on the RIV_PB model, incorporating constraints on the
order of positions and an upper limit on the total number of available
positions. Let M(C,X) represent the formulation defined by equations
(40)-(48), where X = {Xjxsli=1, ..N;k=1, ..,Z; f=1, ..., F} and
C = {Cuysl k=1, ..,Zi=1, ..M, f=1, ..,F} denote the deci-
sion variable vectors. Suppose that the variables X have already been
fixed as X = X = {X| X satisfies (40), (41), (42) and (48)}. This
yields the following Benders Subproblem (SP).

Minimize Cpax

N
Cie=Y Xur x Ppfefl, ., F}
j=1

(43a)

N
Cy, if = Ci1, i,f+ZXj,k_f x P fe{l, . Fhie{l, ..,
=

€{2, ...7Z}

M}; k

(44a)

N
C if > Cy H,f+ZXj.kf x P fe{l, .. F};ie{2, ...,M}; k

j=1

e{1, ...,Z}
(45a)
c:max > CZ. M.f fe {17 ~F} (463)
Cir >0fe {1, ..,F};ie{l, ...M}; ke {1, ..,Z} (47a)

The resulting SP formulation, M(C, X), includes only the variables C
and consists of constraint sets associated with the dual variables a
= {ay = unrestricted | f =1, ...,F} corresponding to Constraint set (43),

y = {Vk.l:f = unrestricted | k=2, ....Z;i=1, .. M;f=1, ..,F}
sponding to Constraint set (44), pg= {ﬂk‘i‘f >0|k=1, ..,

Z;i=2, ..,M;f=1, ...,F} corresponding to Constraint set (45), and &
= {8 >0 |f=1, ..,F} corresponding to Constraint set (46). The dual

corre-
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of M(C, X), denoted by D = (a,y, $3, 5, X ), corresponds to the Submodel
(SM) and is formulated as follows:

Z M F N Z M F N
Maximize Z Zﬂk.i‘f Z Xk Py + Z Z ZJ’k,i.f Z Xk £Pji
[ s ) k=2 i1 f=1 =
F N
+Zl1f Z j1,Pj1
=1 =1
(49)
ar—Pros — 121 <0f€ {1, . ,F} (50)
Prig— Prisig — r2ur<0i€{2, .., (M-1)}; f€ {1, ..,F} (51D
Prms— vame <0f€{l, .., F} (52)
Y216 —Prag <0fe {1, ... ,F} (53)
Pris— Privie+ 721, <0i€{2, .., (M-1)};fe {1, .. F} 64
Bomst Vzme— 0 <0fe€{l, ...F} (55)
Yirf = Yieins — Prog SOKE {2, ..., (Z-1)}fe {1, ...,F} (56)
Pems+ Vimr — Teame <0ke{2, . (Z-1)1fe {1, ...,F} 57)

Pris = Priviet Trir = Tierig SO0k€{2, . (Z-1)}i
€{2 .. M-1)}fe{l, ..F} (58

F
Z <1 (59)
f=1

By incorporating Constraint sets (40),(41),(42), and (48), the MM
consistently generates a feasible solution. In other words, our formula-
tion inherently ensures that the MM is always feasible. Unlike traditional
Benders decomposition approaches, where infeasible solutions may
arise and require feasibility cuts, our approach eliminates the need for
such cuts, as every solution produced by the MM can always be pro-
cessed by the SM without infeasibility concerns. Since the feasibility of
the MM is always guaranteed, the role of the SM is not to eliminate
infeasible solutions but rather to iteratively refine the optimality con-
ditions. This implies that (a, y, 3,4, )A() is feasible for a given X. Once
the optimal solution (&,?.ﬁ,g) for the dual problem, namely SM, is
obtained, the coefficient matrix for the variables is computed by
following the steps outlined in Algorithm 1.

Subsequently, the Benders optimality cuts, as specified in Constraint
set (60), are generated.

M=

CoeffCut (j,k,f) X Xjir (60)

B3y

j k=1

.
Il

1

In Constraint set (60), u is used to represent the lower bound of the
optimal value for M(C, X). Having obtained this result, the following
reformulation of M(C,X) is presented, designated as the master model
(MM), as presented below:

Minimize y (61)

Constaint sets (40),(41),(42),(48) and (60)

The MM, which includes multiple optimality cuts, is well-suited for
solution via a cutting-plane algorithm. The MM is solved without
Constraint 60 in the first iteration. As the algorithm progresses, neces-
sary cuts are dynamically generated and incorporated into the model.
The iterative procedure concludes when a specific MM(Cut) is solved,
where Cut represents a subset of the overall set Cutp.
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Algorithm 1
The precedure for calculating the dual variables’ coefficient matrix.

1: CoeffCut(j, k, f) < 0Vj € N, Vk € Z, Vf € F // the dual variables’ coefficient matrix
for (f « 1 to F)

for j < 1toN)

if (@y is greater than 0)

CoeffCut (j,1,f) < (@ x Pj1) + CoeffCut (j,1,f)

endif

for (k < 1 to 2)

for (i < 1 to M)

if (B s is greater than 0 && i is greater than or equal to 2)
: CoeffCut (,k.f) < (Bris x P;;) + CoeffCut (ik,f)

: endif

2 if (7kis is greater than 0 && k is greater than or equal to 2)
2 CoeffCut (,k,f) — (Frig % Pji) + CoeffCut (j,k,f)

: endif

: endfor

: endfor

: endfor

18: if (Ef is greater than 0)

19:for (j « 1 toN)

20:for (k < 1 to Z)

21:CoeffCut (j,k,f) < 8 + CoeffCut (j,k,f)

22:endfor

23:endfor

24:endif

25: endfor

O PN ATHWN

e e
N WNH=O

5.2. The proposed hybrid Benders decomposition algorithm

This section presents a hybrid Benders decomposition algorithm
designed to accelerate the convergence of the pure Benders algorithm
towards an optimal solution. The proposed hybrid algorithm is a com-
bination of GRASP and the pure Benders algorithm given in the pre-
ceding subsection. The operation of the hybrid algorithm is based on
deriving two separate optimality cuts from the optimal solution pro-
vided by the master model (MM) at each iteration and reintegrating
these cuts into MM to generate the next solution. One optimality cut is

generated by applying the optimal solution X from MM directly to the
submodel (SM) and solving it. The other cut is derived by using this

Algorithm 2
The main logic of the hybrid Benders decomposition algorithm.

Input: Problem data, allowable optimality gap ¢ > 0
1. Set LowerBound « -co, UpperBound « oo
2: while (LowerBound < UpperBound) do
3:Execute the MM to obtain X = {X|X satisfies (40), (41), (42), and (48)}
4: obj mm « Objective function value of MM solution ()
5.if (LowerBound < obj_ mm)
6:LowerBound « obj_mm
7:endif
8:Execute SM with Constraint sets (49) — (59) and X, and generate an optimality cut
(Cut 1)
using this SM solution and Constraint set (60)
9: obj_sub < Objective function value of SM solution
10:if (UpperBound > obj_sub)
11:UpperBound « obj_sub;
12:endif
13:By providing MM solution (X) as the initial solution for GRASP, execute GRASP
for just one iteration to obtain a new solution (}?hemdc)
14:Execute SM with Constraint sets (49) — (59) with )A('hem-sn-c, and generate an
additional
optimality cut (Cut 2) using this SM solution and Constraint set (60)
15: obj_sub_heuristic < Objective function value of SM solution
16:if (UpperBound > obj_sub_heuristic)
17:UpperBound « obj_sub_heuristic
18:endif
19:Insert the generated optimality cuts, Cut 1 and Cut 2, into MM
20: endwhile
21: Report the best solution and its value from the final MM run
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optimal solution X as the initial solution for GRASP. This solution is then

improved by GRASP, and the improved solution X heuristic, 1S used to solve
SM. In essence, the hybrid Benders decomposition introduces an extra
optimality cut into MM during each iteration.

Metaheuristic algorithms require computation time, and the quality
of the solution provided to SM typically depends on the runtime of the
metaheuristic. Therefore, it’s crucial to strike a balance between solu-
tion quality and computation time. In the proposed hybrid Benders al-
gorithm, to maintain this balance, the initial solution generation phase
of GRASP is skipped when a new cut is generated (as the initial solution
is already derived from MM). Afterward, GRASP runs for just one iter-
ation. Algorithm 2 provides the pseudo-code that outlines the hybrid
Benders decomposition algorithm 2.

6. Proposed GRASP for solving DNIPFSP

This section introduces the proposed Greedy Randomized Adaptive
Search Procedure (GRASP) algorithm for solving the DNIPFSP. GRASP
combines several advantages: (a) a greedy approach to generate good
initial solutions, (b) randomization to explore different areas of the so-
lution space, and (c) local search to refine solutions towards local optima
[46,47,60]. It has proven to be a powerful metaheuristic for a variety of
optimization problems [46,61-64]. A standard GRASP algorithm works
iteratively and includes two main phases: construction and local search
[47]. In the construction phase, a greedy method is applied to generate a
feasible solution, while the local search phase improves the best solution
found so far. To our knowledge, GRASP has never been applied to
distributed flowshop scheduling problems.

The proposed GRASP algorithm begins by constructing an initial
solution in the same way as standard GRASP. After this solution is
generated, the modified LS3 local search algorithm [21] is applied to
refine it further. Then, the core steps of the algorithm commence. A
perturbation mechanism is used to enhance the solution obtained from
the local search phase. This perturbation mechanism consists of two
main steps: deconstruction and reconstruction, which involve removing
and reinserting partial jobs into the solution. After each perturbation
step, the LS3 algorithm is applied again to improve the new solution.
These steps continue until the stopping criteria are met.

The main steps of the proposed GRASP algorithm are detailed in
Algorithm 3. The algorithm takes three input parameters: a, which
controls the balance between greediness and randomness, d, which
specifies the total number of jobs to be removed during the destruction
phase, and Grasp_Max_Step, which defines the maximum number of
GRASP iterations. The specific details of the algorithm are explained in
the following sections Algorithm 3.

Algorithm 3
The proposed GRASP.

Input: Problem data, a d, Grasp_Max step
Output: global best solution, 7pes:
1:7iniiat < Construction (JL, a) //JL(.) represents the list of all available jobs
2:7pest < Tinitials 0D (Tpest) < 0bj (Minitia1)
3.Grasp_Step < 0
4:While Grasp_Step < Grasp_Max step (or a given computational time limit) do
5:Tiniria < Modified LS3 local search (#initiq)
6:1If 0bj(7initiat) < 0bj(wpest)
7 Mpest < Tinitial
8: 0bj(7pest) < 0bj(Tinisiar)
9:Endif
10: Zincumbent “— Tinitial
11:7pariiar, EJL < Destruction (Zincumpent; d) //EJL represents the list of the extracted
jobs
12: 755 < Reconstruction (#partiar, EJL,a)
13.Grasp_Step < Grasp_Step + 1
14:Endwhile
15. Report mpes




A. Hamzadayr and M.G. Van

Problem data for simple example

Jobs
Machines J1 J2 J3 J4
M1 1 86 28 32
M2 4 21 67 17

Iteration 1:

Step 1: Initialize Gantt chart structure for each factory

Step 2: JL={1, 2, 3,4}

Step 3: CT111 = 5, CT121: 5, CT211: 107, Cng] = 107, CT311= 95, CT321 = 95, CT411 = 49, CT421 =49 (Since no
jobs have been scheduled to the factories yet, there is only 1 available position in each factory)

Step 4. FL = {5, 5, 107, 107, 95, 95, 49, 49}

Step 5: S = 5, S :107, o= 0.5, g= 56, RCL = {CT111 = 5, CT121= 5, CT411 = 49, CT421 = 49}

Step 6: Randomly select a member from RCL list (CTyy; is selected; in other words, job 1 is scheduled to
position 1 in factory 1)

Step 7: JL = {2, 3, 4}

Iteration 2:

Step 3: CT211 = 111, CT212: 108, CT221 = 107, CT311 = 99, CT312: 96, CT321 = 95, CT411 = 53, CT412: 50 , CT421
=49 (Since job 1 has already been scheduled to factory 1, there are two available positions for the next job in
factory 1)

Step 4. FL = {111, 108, 107, 99, 96, 95, 53, 50, 49}

Step 5: s=49,5=111,a=0.5, g=80, RCL = {CTy41; =53, CT4;2=50, CTy2; =49}

Step 6: Randomly select a member from RCL list (CTy; is selected; in other words, job 4 is scheduled to
position 1 in factory 2)

Step 7: JL = {2, 3}

Iteration 3:

Step 3: CT211 =11 1, CT212: 108, CT221 = 135, CTzzz = 139, CTSII = 99, CT312: 96 B CTSZ] = 112, CT322 =127
(Since jobs 1 and 4 have already been assigned to factories 1 and 2, respectively, both factories 1 and 2 have
two available positions for the next job)

Step 4. FL = {111, 108, 135, 139, 99, 96, 112, 127}

Step 5: S = 96, S :139, o= 0.5, g= 11750, RCL = {CT211 :111, CT212 :108, CT311 = 99, CT312 = 96, CT321 =
112}

Step 6: Randomly select a member from RCL list (CT>;, is selected; in other words, job 2 is scheduled to
position 2 in factory 1)

Step 7: JL = {3}

Iteration 4:

Step 3: CT3;, =185, CT3;2=136, CT3;3=175, CT3:; =112, CT32, =127 (Since jobs 1 and 2 have already been
scheduled for factory 1, there are three available positions for the next job in factory 1. Additionally, since job
4 has been scheduled for factory 2, there are two available positions for the new job in factory 2)

Step 4. FL = {185, 136, 175, 112, 127}

Step 5: s =112, §=185,a=0.5, g=148.50, RCL = {CT3;:= 136, CT32; =112, CT3:, =127}

Step 6: Randomly select a member from RCL list (CT3z; is selected; in other words, job 3 is scheduled to
position 1 in factory 2)

In factory 2, job 4, which is previously scheduled in position 1, has been moved to position 2.

Step 7: JL = {} (All jobs in JL are scheduled)

Iteration 5: ;={1, 2}, m,={3, 4}, C1. = 108, CZ.x = 112 and Cpa = 112

Fig 1. Illustration of the initial solution construction procedure.
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6.1. Construction phase of the proposed GRASP

The proposed GRASP algorithm for solving the DNIPFSP begins by
inserting all jobs that need to be scheduled into a list called the jobs list
(JL). Then, each job in JL is evaluated sequentially from left to right. For
each job, trial schedules are generated considering all available fac-
tories. The evaluation of each job involves considering all available
positions in each factory using an acceleration method. For each job j,
when it is assigned to position p in factory f, the completion time, CTjz, is
calculated. These completion times are then stored in a list called FL.
This process continues until all jobs in JL are evaluated in this manner.
The job selected for the next scheduling step is chosen by evaluating all

jobs in FL with a greedy function. This function assesses the suitability of
each job in FL for scheduling. Using the parameter (), a restricted
candidate list (RCL) is created, balancing greediness and randomness
within the algorithm. The threshold value, denoted as g, is calculated as
g =5+ a(s-s), where s represents the minimum value in FL and s is the
maximum value. This threshold aids in constructing the RCL, which
contains job-factory-position combinations in FL whose completion
times do not exceed g. During each iteration, a job is randomly selected
from the RCL, incorporating randomness into GRASP algorithm. Once a
job is chosen, it is removed from JL, and FL is updated accordingly. The
construction phase continues iteratively until all jobs in JL are assigned
to factories. The construction phase consists of the following steps:
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1. Initialize the Gantt chart structure for each factory.

2. Create the jobs list (JL) using all unscheduled jobs.

3. Temporarily schedule jobs in JL from left to right, considering all
available factories and positions using the acceleration method. For
each job in JL, determine the position p in factory f that minimizes
the completion time, CTjp,.

4. Insert the calculated CTjg, for each job into a list called FL.

5. Determine the RCL by calculating the minimum s = min {CTjg, (If all
values are the same, select one at random)}, the maximum § = max
{CTjs (If all values are the same, select one at random)}, and the
threshold value g = s + a(s-s). RCL is created by selecting job-factory-
position combinations from FL where the completion time is less than
or equal to g.

6. Select a member from the RCL randomly and add it to the schedule
with the belonging attributes which are obtained in Step 3 (The
factory and position where the selected job will be processed, along
with its completion time details).

7. Delete the chosen job from JL. If all jobs in JL are scheduled, proceed
to Step 8; otherwise, return to Step 3.

8. Calculate the objective function from the resulting factory schedules.

The initial solution construction process is illustrated in Fig 1, where
an example with four jobs (N = 4), two factories (F = 2) each having two
machines (M = 2) is shown. In this example, the @ parameter is set to 0.5.
This approach efficiently constructs an initial solution by combining
greedy strategies, randomization, and local search, making it a powerful
tool for solving DNIPFSP.

6.2. Modified LS3 local search algorithm

Ruiz et al. [21] introduced the LS3 local search algorithm for solving
the DPFSP, which starts by exploring a feasible initial solution. It
simultaneously considers both the factory assignment and job
sequencing. The factory with the highest Cy,qy, referred to as the critical
factory, is identified. A job chosen at random from the factory is assessed
in every potential position across all factories, even in the one that
currently defines the makespan. In the event that any of these new po-
sitions result in a better Cpyy, the job is moved, and the search process
begins again. If no improvement occurs, the job is reverted to its initial
position, and the search continues. The process is executed without
repetition and randomly, until every job from the critical factory has
been tested. However, initial trials showed that focusing only on the
critical factory’s schedule may not be effective for intensification. It was
also found that intensification could be greatly enhanced by broadening
the search to include the schedules of other factories.

In this paper, the LS3 local search algorithm is enhanced (referred to
as the modified LS3 local search) to not only focus on the critical factory
but also improve the schedules of other factories. To achieve this, a
factory selection rule based on the roulette wheel selection method is
introduced. This method ensures that the modified LS3 algorithm gives
preference to jobs from the critical factory, which has a higher proba-
bility of being selected compared to other factories. However, other
factories (aside from the critical factory) are also given an opportunity to
be selected, with their selection probability proportional to their Cpqy
values. The pseudocode for the modified LS3 local search algorithm is
provided in Algorithm 4.

As indicated in line 5 of Algorithm 4, a factory is selected, denoted as
fse1 using the roulette wheel selection method [65]. This technique scales

the maximum completion times for each factory, {Cmax(71), {Cmax(72),

.oy {Cmax(7r)}, ensuring that the total of the rescaled maximum
completion times equals one. To perform the selection, a random
number within the range [0, 1] is first generated (representing the spin
of the wheel). Then, the first factory whose cumulative rescaled
maximum completion time exceeds the generated number is chosen. The
steps involved in the roulette wheel selection process are outlined as
follows:
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1. Compute the sum of the maximum completion times for all factories,
referred to as Fgm.

2. Normalize the maximum completion times of each factory by
dividing them by Fg,;, to calculate the expected value for each
factory.

3. Generate a random number, R, within the interval [0, 1].

4. Iterate through the factories, accumulating their expected values,
until the total reaches or exceeds R;. The factory whose expected
value causes the cumulative sum to surpass this threshold is the
selected one.

After applying the roulette wheel selection method, a job, j, is
randomly removed from the selected factory, fi, (line 6), and Cpax
value of f, after job j is removed is calculated (line 7). Then, job j is
tested in all available factories in order. When testing job j in the next
factory f, Cmax calculation is performed for all positions of the factory f
using the acceleration method given in Section 6.4 (lines 9 and 10). As a

result, the position pf that gives the lowest Cpax value, C{nax, for the
factory f is obtained (line 11). The sum of the Cp,ax values before job j is
removed from factory f;,; and added to the best position pf in factory f is
calculated. A cost value, Cost/, is then computed by subtracting this total
makespan value from the total Cp,.x values after the changes are made in
factories fs; and f (line 12). After that, the factory that gives the
maximum cost value is determined, fiost_max (line 14). If Costfeost-m> value
is greater than 0, then job j is permanently placed in pfest-m> position
(line 16) of the factory feost_max. Then, in order to further improve the
resulting schedule, one of the jobs in positions pfest-mx - 1 or pfeest-max 4 1 is
removed and tested to all positions (lines 17-18). In the same way, the
removed job is inserted into the best position of feost_max, Which yields
the lowest Cpax value (line 19). The algorithm’s counter is then set to
0 (line 21), and after the necessary updates are made (lines 26 and 27),
the algorithm proceeds by selecting a new factory and randomly
removing a job from the selected factory. If Cost/est-ma is less than or
equal to 0, the job is reinserted back into its original position and the
algorithm’s counter is increased by one (lines 23-24). The algorithm will
continue running until its counter equals the cardinality of the factory
(number of jobs in that factory) with the maximum Cpa value at the
start of the algorithm. In preliminary tests, it is observed that the
modified LS3 algorithm provided a more balanced workload distribu-
tion between the factories Algorithm 4.

6.3. Destruction and reconstruction

In the destruction phase, the current solution, denoted as Ziycumpents
undergoes partial removal of some of its components, leading to two
partial permutations: one is a job list (EJL) consisting of the jobs that
have been removed from 7 mpen: and another with the remaining jobs
from the original solution (myariq). The destruction operator utilized in
this study, proposed by Ruiz et al. [21], has been shown to be effective in
their research. This operator removes d/2 jobs randomly from the fac-
tory with the highest Cpqx value (if there are multiple factories with the
highest Crqx, no effort is made to break the tie). The remaining d/2 jobs
are randomly selected from the other F — 1 factories, with the exception
of the one having the highest Cpqy.

During the reconstruction phase, a heuristic, usually a greedy algo-
rithm, is used to reinsert the removed jobs into the solution, thereby
generating a new complete solution.The construction phase of the pro-
posed GRASP serves as the reconstruction operator, where jobs from EJL
list are progressively added to the partial schedule.

6.4. Makespan calculation and acceleration method

The determination of makespan values for neighborhoods is vital for
enhancing the algorithm’s efficiency. To comply with the no-idle con-
dition, it is necessary to eliminate any idle periods between the
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Algorithm 4
The modified LS3 algorithm.

Input: {n1, 72, ..., nF} //It starts with a feasible solution
1: G max}:zl {Crmax(m1), {Cmax (”2)7 ey {Cmax(”F)}
2: f* « Factory with C} ., value
3:Cnt « 0
4: While (Cnt < |z |) do
5:fsel < Select a factory using the roulette wheel selection method
6:Randomly select, without repetition, a job j from position k of 7y,
7:C{:;2,X « Calculate the makespan of f; after extracting job j
8:For (f « 1to F)
9:Temporarily place job j in all possible positions of 7y and evaluate using the
acceleration method
10:C’:mx is the lowest Cpax Obtained for factory f
11:pf denotes the position that results in the minimum Cp,x for factory f
12:Costf — (Comax (7, ) + Comax () )-(Chax + Clit)
13:Endfor
14:Fcoast max «arg (maxle (Costf ))

15:1f (Costfeos-mx

16:Insert the job j into xy, . at position pes-m resulting in the minimum Cpax
17:Extract at random job h from position pfes-mx-1 or pfes-mx 41 from ..
18:Evaluate job h in all possible positions of 7y, . using acceleration method

at position pfes-max resulting in the

19:Cinax (”fm\.,m) « Insert the job hinto g,
lowest Cpax

20:Conax (77, ) < Chithe

21:Cnt =0

22:Else

23:Return job j to position k of f

24:Cnt < Cnt + 1

25:Endif

26:Ciay— Xy {Coax(m1), {Crnax (72, -, {Conax(6)}

27:f* « Factory with C},,, value

28: Endwhile

29. Report {1, 72, ..., nF} and {Cnax(71), {Cmax(72), -+, {Cmax(7F)}

processing of consecutive jobs on each machine [26]. On the other hand,
it is well known that flowshop problems exhibit a reversibility property
[26,66]. This property allows the makespan of a job sequence n to be
calculated by moving through the sequence from the first job to the last
(called forward calculation) or in reverse, from the last job back to the
first (called backward calculation). Suppose that when calculating in the
forward (backward), Sx;,i (Sbykj,i) and Cpx,i (Cbpj,)) represent the start-
ing and completing times of the job at position k on machine i, respec-
tively. Calculation of Cy,qy in the forward direction given in Algorithm 5.

Algorithm 5
Calculation of Cmax in forward direction.

1: Sp1j,1 < 0 // The job occupying the first position on the first machine
2: Cp1j1 < Spp1 + P // The job occupying the first position on the first machine
3: for (i < 2; i < M) // The job occupying the first position on the remaining
machines
4:Sny,i < Cnyia
5:Cnyi < Snyi+ Prgi
6: endfor
7: for (k < 2; k < N) //Jobs placed in positions excluding position 1
8:Sxj,1 < Cpr-1y,1 //first machine
9:Cpg,1 < Sikg1 + Py, //first machine
10:Spj,2 < max (Cpxaj,2, Crxy,1) //second machine
11:Cpj,2 < Spy,2 + Ppxg,2 //second machine
12:a <0
13:a < max (Cpj,1 - Cpx-17,2, 0)
14:for (i « 3;i < M) //remaining machines
15:Spg,i < max (Cpeay,i + a, Cpg,ie1)
16:Cpiyi <= Spky,i + Prg,i
17:a < a + max (Cpj,i.1 — (Cpery,i + ), 0);
18:endfor
19: endfor
20: Return Cpax < Cinym

10
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Calculation of Cp,qy in the backward direction given in Algorithm 6.

Let us consider an example with three jobs and three machines,
where jobs are denoted asj € {1, ..., N} and machines asi € {1, ...,M}.
The processing times of these three jobs on the three machines are as
follows:

[Pii} 3x3

AN G
O b ©
N o1 Oy

Let us consider a schedule n = {1, 2, 3}. If we perform forward
computation for this example problem, the starting and completion
times of job m1 = {1} on the first machine are S;;;; = 0 and Cr3,; = 5,
respectively. On the second machine, these times are S;1; 2 = 5 and Cyzj,2
= 13. Similarly, on the third machine, the starting and completion times
are Sry3,3 =13 and Cpq;,3 = 19, respectively.

The next job in the sequence is 1o = {2}. The starting and completion
times on the first machine are computed as Syz;,; = 5 and Cyg;,1 = 12,
respectively. On the second machine, the starting time is determined as
Sr21,2 = max(Criy2 (13), Craz,1 (12)) = 13 and the completion time is
Cr21,2 = 17. Before scheduling job 2 on the second machine, the total idle
time is calculated as a = max(Cpzj,1 (12) - Cp77,2 (13), 0) = 0. On the third
machine, the starting and completion times are Syz; 3 = max(Cyij,3 (19)
+a(0), Crz1,2 (17)) = 19 and Cpz; 3 = 24, respectively. Before scheduling
job 2 on the third machine, the total idle time is calculated as a = a (0) +
max(Cpoj,2 (17) - (Crz3,3 (19)+ a (0)), 0) = 0.

The last job in the sequence is 3 = {3}. The starting and completion
times on the first machine are computed as Sy3;,; = 12 and Cy3;,; = 18,
respectively. On the second machine, the starting and completion times
are calculated as Sy3;2 = max(Cyaj,2 (17), Crs7,1 (18)) = 18 and Cy3;,2 =
27, respectively. Before scheduling job 3 on the second machine, the
total idle time is calculated as a = max(Cys;,1 (18) - Cpz52 (17), 0) = 1.
This means that if the production of all three jobs is firmly decided, the
no-idle constraint requires the first two jobs on the second machine to
start production one unit of time later. On the third machine, the starting
and completion times are computed as Sy3;,3 = max(Cpo7,3 (24) + a (1),
Cr31,2 (27)) = 27 and Cy3;,3 = 34, respectively. Before scheduling job 3 on
the third machine, the total idle time is calculated as a = a (1) + max
(Cr31,2 (27) = (Cra3,3 (24)+ a (1)), 0) = 3. This delay consists of 1 unit of
time caused by the delay on the second machine and 2 units of time
caused by the delay on the third machine. In other words, to satisfy the
no-idle constraint, job 1 must be delayed by 1 unit of time on the second
machine and 3 units of time on the third machine. The backward
computation follows a similar logic using the reversibility property of
the problem. In the backward computation, jobs are scheduled in reverse
order, from the last job to the first job in the sequence, starting from the
last machine. For example, in the given case, job 3 is first scheduled on
machine 3, followed by machine 2 and then machine 1. The results of
forward and backward computations for this example problem are
presented in the matrices below and illustrated in Fig 2.

0 5 13 29 20 12
Swi=|5 13 19|Sby;= |22 16 7
12 18 27 16 7 0
5 13 19 34 28 18
Cui= |12 17 24 |Cby;= |29 20 12
18 27 34 22 16 7

The acceleration method involves evaluating all permutations
created by inserting a single job into every possible position within a
given job sequence n. Let n = {n(1), Ty, ..., Tn-1)} Tepresent a sequence
of N-1 jobs. The goal is to insert job j into each possible position of =,
resulting in N complete permutations. Suppose that after N jobs are
scheduled to machine i, the start and finish times in the forward
(backward) direction are denoted by MS; (MSb;) and MC; (MCbh),
respectively. The process of evaluating a job sequence n, which consists
of N—1, by inserting an additional job j into each of the N potential
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Algorithm 6
Calculation of Cmax in backward direction.

1: Sbynz,m = 0 // The job occupying the final position on the last machine
2: Cbyny,m = Sbyng,m + Ping,m // The job occupying the final position on the last
machine
3: for (i « M-1;i > 1) // The job occupying the final position on the remaining
machines
4:8byny,i < Chgiva
5:Cbpy,i < Sbyngi + Py
6: endfor
7: for (k < N-1; k > 1) //Jobs placed in positions excluding position N
8:Sbyxj,m < Cbpi1j,m //last machine
9:Cbyxj,m < Sbikim + Prx,m //machine machine
10:Sbpg,m-1 < max (Cbpei17,m1, Cbpg,m) //second last machine
11:Cbpg,m1 < Sbgma + Ppg,m1 //second last machine
12:a <0
13:a < max (Cbp,m - Cbpicr17,m-1, 0)
14:for (i « M-2; i > 1) //remaining machines
15:Sbpyy,i < max (Cbpi1,; + a, Cbpgit1)
16:Cbp,i < Shpgi + Prai
17:a < a + max (Cbpy,ir1 — (Cbperry,i + @), 0);
18:endfor
19: endfor
20: Return Cpax < Crij1

positions of that sequence using the acceleration method is outlined in
Algorithm 7. By executing Algorithm 7, the best position for job j within
the job sequence = is determined, along with the minimum completion
time for the sequence that includes job j. As can be seen from Algorithm
7, when testing the job for position 1, the relevant job is inserted to the
schedule in a backward direction (lines 5-21). Conversely, when testing
for the last position, the job is incorporated into the schedule in a for-
ward direction (lines 49-65). For all other positions, excluding the first
and last, the job undergoes forward calculations up to the tested posi-
tion, which are then integrated with the backward calculations of the
other remaining jobs in the sequence (lines 22-48) Algorithm 7.

In addition to the ongoing example above, let us consider a fourth
job. Assume that the processing times of this new job on machines 1, 2,
and 3 are 8, 6, and 4 time units, respectively. Furthermore, let us assume
that the four jobs are tested in the sequence n = {1, 2, 4, 3}, where job 4
is inserted into the third position of the original sequence n = {1, 2, 3}.
In this case, the acceleration method provided in Algorithm 7 will
execute the operations between lines 22 and 48. The matrices Syj i, Sbykj,
i» Cpxy,i and Cbpg ; have already been computed. Forward computation is
performed for & = {1, 2, 4} as follows:

MS; = Cpz;,1 = 12 //Starting time on the first machine

MC; = MS; + P41 = 12 + 8 = 20 //Completion time on the first
machine

MS; = max(Cyzj,2, MC1) = max (17, 20) = 20 //Starting time on the
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second machine

MCy = MSy + P45 = 20 + 6 = 26 //Completion time on the second
machine a = max(MC; - Cpaj,2, 0) = max (20 — 17, 0) = 3 //Idle time on
the second machine

MS3 = max(Cyzj,3 + a, MCy) = max (24 + 3, 26) = 27 //Starting time
on the third machine

MC3 = MS3 + P43 = 27 + 4 = 31//Completion time on the third
machine a = a + max(MCo- (Cj2;,3 + a), 0) = 3 + max (26 - (24 + 3), 0)
// Idle time on the third machine

Backward Computation is performed to integrate job 3 into n = {1, 2,
4, 3} as follows:

L=0anda=0

Dummy_Crax = MC1 + Cbys;1 = 20 + 22 = 42 //Completing time of
the first machine after inserting job 3 in backward direction

L = MCs + Cbyz;2 = 26 + 16 = 42 //Completing time of the second
machine after inserting job 3 in backward direction a = max(Dum-
my_Cpmax—L, 0) = max(42 - 42, 0) = 0 //1dle time for the second machine

Dummy_Cax = max(Dummy._Cpay, L) = max(42, 42) = 42 //Updating
the Dummy._Cy,qx after the second machine calculations

L =MCs + a+ Cbyzj,3 = 31 + 0 + 7 = 38 //Completing time of the
third machine after inserting job 3 in backward direction a = a + max
(Dummy_Cpax — L, 0) = 0 + max(42 - 38, 0) = 4 //Idle time for the third
machine

Dummy._Cynqx = max(Dummy,_Cpgy, L) = max(42, 38) = 42//Updating
the Dummy._Cpqx after the third machine calculations

Cmax = Dummy_Cpax = 42

The conventional method evaluates all possible insertion positions
for a new job and fully recalculates the makespan for each case. This
results in a time complexity of O(N?M), where N is the number of jobs
and M is the number of machines. The proposed acceleration method
significantly improves efficiency by utilizing forward and backward
scheduling evaluations, which update only the necessary computations.
This reduces the overall complexity to O(NM), making the method much
more scalable for large problem instances. We validated these theoret-
ical findings through computational experiments. For a test case with
100 jobs and 20 machines, the acceleration method reduced computa-
tion time from 23.5 seconds to 4.1 seconds, achieving an 82.6%
improvement. These results confirm that the proposed method effec-
tively optimizes large-scale scheduling problems with substantial speed
gains.

To evaluate the efficiency of the proposed GRASP algorithm, we
analyze its computational complexity across its key components: the
construction phase, local search phase, and the destruction-
reconstruction mechanism.

The construction phase iterates through each job and evaluates its
placement across all factories and machines, calculating the completion
time for each possible position. Since each factory has M parallel

M3

i1 2 3 4 5i6 7 8 9 10 1 12i13i14 15 16 17: 18

__ =02

a) Performing forward calculation for m = {1, 2, 3}

19620 21 22 23 24125 26 27i28 20 30 31 32 33 34

M3

M2

M1

11 |z§13 14 15 16517 wé H
b) Performing backward calculation for & =

19 2021 2§23

(1,2,

25

24
3}

Fig 2. Makespan calculation for the example problem.
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Algorithm 7

Acceleration method.

1: Calculate Sy i, Sbykj,i Crigi and Chbpygi (k < 1, ..., N-1 and i « 1, ..., M) for job
sequence 1
2: Acc_Cpax < a big value
3ip<-1
4: for (k < 1; k < N) //inserting job j into N different positions
5:if (k == 1) //backward calculation
6:MSby < Cbpig,m //1ast machine
7:MCby < MSby + P //last machine
8:MSbyy1 < max (Cbyij a1, MCbyy) //second last machine
9:MCbpy1 < MSbyyy + Pja1 //second last machine
10:a <0
11:a < max(MCby, - Cbp a1, 0)
12:for (i « M - 2; i > 1) //rest machines
13:MSb; < max (Cbyy,; + a, MCb;1)
14:MCb; — MSb; + Pj;
15:a < a + max (MCbiy1 - (Cbpy,; + @), 0)
16:endfor
17:Dummy_Cpnax < MCb,
18:if (Acc_Crnax > Dummy_Cpnax)
19:Acc_Crnax < Dummy_Cpax
20:p < 1
21:endif
22:else if (k>1 && k<M)
23:MS; « Cpiqy,1 //first machine
24:MC, « MS; + P; // first machine
25:MS, <« max(Ck.15,2, MCy) //second machine
26:MC, < MS; + Pj» //second machine
27:a <0
28:a « max(MC; - Cpg17,2, 0)
29:for (i < 3; i < M) //rest machines
30:MS; < max(Cp.1y,i + a, MCi.1)
31:MC; « MS; + P;;
32:a « a + max(MGiy — (Cpy; + @), 0)
33:endfor
34:L <0
35:a < 0
36:Dummy_Cpax < MCi + Cbpga
37:L < MC3 + Cbpg,2
38:a = max(Dummy._Cyax - L, 0)
39:Dummy_Cpnax < max(Dummy_Cpayx, L)
40:for (i < 3;i < M)
41:L — MC; + a + Chpy;
42:a < a + max(Dummy_Cyax - L, 0)
43:Dummy_Cpax < max(Dummy._Cpax L)
44:endfor
45:if (Acc_Crax > Dummy_Cpax)
46:Acc_Cmax < Dummy_Cax
47:p « k
48:endif
49:else //k == M //forward calculation
50:MS; « Cpi.qj,1 //first machine
51:MC; < MS, + Pj; // first machine
52:MS, « max (Cp.17,2, MC1) //second machine
53:MC, < MS; + P; > //second machine
54:a < 0;
55:a < max(MC; - Cp.17,2, 0)
56:for (i < 3; i < M) //rest machines
57:MS; < max(C.13,; + a, MC;1)
58:MC; — MS; + Pj;
59:a « a + max(MC;.1 — (Cpi17,: + @), 0)
60:endfor
61:Dummy_Cpnax < MCyp
62:if (Acc_Crax > Dummy._Cpax)
63:Acc_Cmax < Dummy_Cpnax
64:p « M
65:endif
66:endif
67: endfor
68: Return Cpgy < Acc_Crmayx, and the new job sequence after inserting job j into the
position p of the sequence n
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additional complexity of O(N log N). Since this phase is repeated for
each job, the overall complexity of the construction phase remains O
(NFM).

The local search phase applies a modified LS3 algorithm that selects
a factory based on roulette wheel selection and then evaluates alterna-
tive job sequences to minimize the makespan. The worst-case
complexity arises from testing all N jobs across all F factories and
distributing them across M machines, leading to O(NFM), while evalu-
ating all neighboring solutions results in a complexity of O(N?FM).
Therefore, the overall local search complexity is approximated as O
(NFM).

The destruction-reconstruction mechanism removes a subset of jobs
and reinserts them using the construction phase approach. The
destruction step itself incurs O(d) operations, while the reconstruction
phase follows the same complexity as the initial construction phase, O
(NFM). Hence, the overall complexity of this step is O(NFM).

Since GRASP is an iterative metaheuristic, where the above steps are
repeated over iterations, the total complexity of the algorithm can be
expressed as:  O(Grasp_Max_Step(NFM + N*FM + NFM)) =
O(Grasp_Max_StepN*FM)

This analysis shows that the computational complexity of GRASP is
polynomial in nature, making it feasible for large-scale scheduling
problems compared to exact methods, which typically exhibit expo-
nential complexity.

7. Computational study

This section is organized into three parts. The first part focuses on
tuning the parameters for the GRASP algorithm introduced in this study.
In the second part, the performance of the proposed mathematical
models is evaluated and compared with other exact solution techniques.
The third part presents a computational analysis to assess how well the
GRASP algorithm performs. All algorithms and models are implemented
using Visual C++, with the CPLEX 12.7.1 solver utilized to solve the
mathematical models and exact solution methods in the Visual C++
environment. To enhance reproducibility and support further research,
the full implementation of all algorithms and models proposed in this
paper is available at: https://github.com/alperhamzadayi/dist-noid
le-fsp. The experiments are conducted on a machine with an Intel
Core i5-2450M processor (2.5 GHz) and 4 GB of RAM. The models and
algorithms are tested using DPFSP instances provided by Naderi and
Ruiz [10], which are accessible at http://soa.iti.es, considering the
no-idle restriction for jobs. The problem instances are categorized into
two groups: small and large. The small-instance set includes various
combinations of jobs (N = {4, 6, 8, 10, 12, 14, 16}), factories (F = {2, 3,
4}), and machines (M = {2, 3, 4, 5}). For each combination of N, F, and
M, five instances are generated, totaling 420 small-sized problem in-
stances. On the other hand, the large-instance set is based on benchmark
instances introduced by Taillard [67] for multiple factories. This set
covers 12 combinations of N and M. For machines M = 5, 10, and 20, the
corresponding values for N are {20, 50, 100}, {20, 50, 100, 200}, and
{20, 50, 100, 200, 500}, respectively, with 10 instances generated for
each combination. Naderi and Ruiz [10] later adapted these instances

machines, the worst-case scenario involves checking all N jobs across F
factories, and for each factory, distributing the jobs among M machines.
Thus, the complexity of this step is O(NFM). Additionally, forming the
Restricted Candidate List (RCL) and selecting a job from the list incurs an
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Table 2

Parameter calibration results for small instances.
Experiment No o d Avg. RPD RBS
S1 0.4 1 0.4445 51
S2 0.5 1 0.3495 61
S3 0.6 1 0.4407 55
S4 0.4 2 0.1259 76
S5 0.5 2 0.1218 78
S6 0.6 2 0.2235 70
S7 0.4 3 0.2256 68
S8 0.5 3 0.3236 62
S9 0.6 3 0.2238 65
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Table 3
Parameter calibration results for large instances.

Swarm and Evolutionary Computation 97 (2025) 102028

Table 5
Summarized comparisons of IV_PB + SBC4 and RIV_PB + SBC4 models.

Experiment No o d Avg. RPD RBS Model #Optimal #Suboptimal Gap% Time (Seconds)
L1 0.4 8 0.4139 24 IV_PB + SBC4 366 54 1.556 87.381
L2 0.5 8 0.7232 15 RIV_PB + SBC4 385 35 0.845 57.381
L3 0.6 8 0.6258 14
L4 0.4 10 0.8191 17
L5 0.5 10 0.7238 15 Table 6
L6 0.6 10 1.0310 12 Performance comparison of Benders algorithms and RIV_PB + SBC4 model.
L7 0.4 12 0.4213 20
L8 0.5 12 1.1239 13 Model #Optimal  #Suboptimal  Gap Time # Cut
L9 0.6 12 1.3343 11 % (Seconds)
RIV_PB + SBC4 385 35 0.845 57.381 -
ABD_RIV_PB + 380 40 1.256 188.289 45.431
SBC4
Table 4 , . BD_RIV_PB + 394 26 0.463  171.810 31.056
Overview of the comparisons of the mathematical models. SBC4
Model #Optimal #Suboptimal Gap% Time (Seconds) HBD_RIV_PB + 419 1 0.011  147.996 15.960
SBC4
PB (Ying et al. [9]) 253 167 9.447 215.001
SB 265 155 5.277 200.696
IV_PB 346 74 2.599 116.950 . P .

- low Ver: PD of 0.41 while al hieving the high B
IV_PB + SBCI 351 69 2418 112.705 owest average RPD of 0.4139, e also achieving the highest RBS
IV_PB + SBC2 357 63 2.149 106.887 value of 24.

IV_PB + SBC3 363 57 1.616 90.094
IV_PB + SBC4 366 54 1.556 87.381

for DPFSP by adding factory F = {2, 3, 4, 5, 6, 7}, resulting in 720
large-sized problem instances. The processing times for both sets are
uniformly distributed between 1 and 99.

7.1. Parameter calibration of GRASP

GRASP requires calibration of three distinct parameters: the
maximum number of global iterations (Grasp Max Step), the alpha
parameter (a), and the number of jobs to be removed from a given so-
lution during the destruction phase (d). Actually, there is no need to
calibrate Grasp_Max_Step since the algorithm is run within a specified
CPU time limit as in the literature. For the parameter calibration tests,
the CPU time limit is set to N x M x 30 milliseconds.

Parameter calibration relies on the average relative percentage de-
viation (RPD), which is computed as RDP = (SomeP® — Besty, )\Bestso1,
where SomeP* represents the best makespan achieved among the inde-
pendent runs by the parameter combination pc, and Best, is the best
makespan value among all compared parameter combinations. If several
parameter combinations result in the smallest average RPD, the one with
the highest count of relatively better solutions (RBS) is selected as the
alternative measure.

The parameter calibration experiment for small-size instances is
conducted on the 84 instances (using the first combination of the small-
size instances). The levels of the parameters, a and d, are determined
through preliminary experiments and are varied at three levels: {0.4,
0.5, 0.6} and {1, 2, 3}, respectively. For each parameter combination,
the algorithm is run 5 times (replications). In total, the algorithm is run
3780 times (84 x 3 x 3 x 5). The results of the parameter calibration
experiment for small problem instances are presented in Table 2. It is
evident that the parameter combination S5 (a = 0.5, d = 2) yields the
lowest average RPD of 0.07, along with a higher number of relatively
better solutions (RBS = 78).

The parameter calibration experiment for the large problem in-
stances is carried out using 48 randomly selected benchmark instances.
Similarly, the levels of the parameters, a and d, are determined through
preliminary experiments and are varied at three levels: {0.4, 0.5, 0.6}
and {8, 10, 12}, respectively. The algorithm is executed 5 times (repli-
cations) for each parameter combination. In total, the algorithm is run
2160 times (48 x 3 x 3 x 5). Table 3 displays the results of the
parameter calibration experiment for large problem instances. The
parameter combination L1 (x = 0.4, d = 8) clearly demonstrates the
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7.2. Performance evaluation of mathematical models and other exact
solution methods

This section of the experiments compares eleven exact methods.
These include two models introduced in Section 2: PB and SB, as well as
the IV_PB model from Section 2. Additionally, four variations of the
IV_PB model are considered, which are derived by applying different
symmetry-breaking constraints (represented as IV_.PB + SBCl,
IV_PB_SBC2, IV_PB_SBC3, and IV_PB_SBC4). The model generated by
restricting job positions in the IV_PB model (denoted as RIV_PB), as
discussed in Sections 3 and 4, is also compared. Additionally, the version
12.7.1 of CPLEX’s automatic Benders decomposition algorithm, applied
to the RIV_PB model (referred to as ABD_RIV_PB), is considered in the
comparison. The comparison also includes the pure and hybrid Benders
decomposition algorithms proposed in Section 5, which are represented
as BD_RIV_PB and HBD _RIV_PB, respectively. First, we carry out a
comparative analysis among the position-based (PB) model proposed by
Ying et al. [9], the proposed sequence based (SB) model, the proposed
improved position-based (IV_PB) model and IV_PB model with four
different symmetry constraints described in Section 2.2. Model tests are
conducted using 420 small-size instances, and each model is solved
within a time limit of 500 seconds. During the execution of each model,
the activation of the CPLEX presolver is managed automatically by the
solver.

In each model run, the CPLEX solver operates in deterministic mode
using four threads. The summarized results of the tests are presented in
Table 4. The first column of Table 4 shows each model, with the second
and third columns representing the number of instances solved opti-
mally (#Optimal) and those that are not guaranteed to be solved opti-
mally within the specified time limit (#Suboptimal). The "Gap" column
displays the final optimality gap in percentage, recorded at the end of
the optimization process, whether the optimal solution is found or the
time limit is reached. Finally, the "Time" column displays the average
computation time for the 420 instances that are analyzed.

As shown in Table 4, the IV_PB + SBC4 model solves 366 out of 420
instances optimally, with an average gap value of 1.556%. Following the
IV_PB + SBC4 model, the rankings are as follows: IV_PB + SBC3 with 363
optimal solutions, IV_PB + SBC2 with 357, IV_PB + SBC1 with 351,
IV_PB with 346, SB with 265, and PB with 253 optimal solutions. Their
respective average gap values, in the same order, are 1.616%, 2.149%,
2.418%, 2.599%, 5.277%, and 9.447%. The IV_PB + SBC4 model solves
the instances in the shortest average time of 87.381 seconds. It is fol-
lowed by the IV_PB + SBC3 with an average of 90.094 seconds, IV_PB +
SBC2 at 106.887 seconds, IV_PB + SBC1 at 112.705 seconds, IV_PB at
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PB (Ying et al., e #Optimal
2017)
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Fig 3. Results of all performance measures for all compared exact methods.

116.950 seconds, SB at 200.696 seconds, and finally the PB model at
215.001 seconds. It is clear that the proposed IV_PB model, along with
the SBC4 symmetry-breaking constraint, demonstrates the best perfor-
mance among seven compared models by optimally solving the most
instances with the shortest average time and the lowest average gap
value. In a similar manner, the PB model introduced by Ying et al. [9]
showed the worst performance among the seven models across all per-
formance measures evaluated.

In this section, the second test involves comparing the performance
of the RIV_PB model, which is generated by limiting the number of
positions in the IV_PB model, with the IV_PB model itself. As demon-

strated by the tests conducted above, the SBC4 symmetry-breaking
constraint yields the best performance when combined with the IV_PB
model. Therefore, tests are performed by inserting the SBC4 to RIV_PB
model. The SBC4 constraint is inserted to the RIV_PB model by
restricting the number of positions to Z, as can be seen in Constraint set
(62) below.
N
=1

j k=1

Z N Z
DMK > Y D> 2N x Ky fe{1, . F—1} (62)
j=1 k=1

For each instance, to determine an upper limit on the number of

Table 7
The average ARPD and RBS values for the algorithms being compared, based on small problem instances.
(F, N, M) HBD_RIV_PB + SBC4 IRG GRASP_WLS GRASP
RDP RBS Avg. ARDP RBS Avg. ARDP RBS Avg. ARDP RBS
2,4, M) 0.0000 20 0.0000 20 0.0000 20 0.0000 20
(2, 6, M) 0.0000 20 0.0000 20 0.0001 20 0.0000 20
2,8, M) 0.0000 20 0.0000 20 0.0003 20 0.0000 20
(2, 10, M) 0.0000 20 0.0003 20 0.0013 20 0.0007 20
(2,12, M) 0.0000 20 0.0032 16 0.0039 18 0.0020 18
(2, 14, M) 0.0000 20 0.0040 16 0.0076 13 0.0036 17
(2, 16, M) 0.0000 20 0.0072 11 0.0096 10 0.0054 11
Average 0.0000 20 (140) 0.0021 17.57 (123) 0.0033 17.28 (121) 0.0017 18 (126)
(3,4, M) 0.0000 20 0.0000 20 0.0000 20 0.0000 20
(3,6, M) 0.0000 20 0.0000 20 0.0000 20 0.0000 20
(3,8, M) 0.0000 20 0.0019 20 0.0010 20 0.0002 20
(3,10, M) 0.0000 20 0.0018 20 0.0034 19 0.0022 20
(3,12, M) 0.0000 20 0.0066 16 0.0090 17 0.0033 18
(3,14, M) 0.0000 20 0.0107 11 0.0132 7 0.0068 17
(3,16, M) 0.0001 19 0.0153 5 0.0160 4 0.0097 10
Average 0.0000 19.85 (139) 0.0052 16 (112) 0.0061 15.28 (107) 0.0032 17.85 (125)
(4, 4, M) 0.0000 20 0.0000 20 0.0000 20 0.0000 20
(4, 6, M) 0.0000 20 0.0000 20 0.0000 20 0.0000 20
(4, 8, M) 0.0000 20 0.0000 20 0.0000 20 0.0000 20
(4,10, M) 0.0000 20 0.0006 20 0.0013 20 0.0014 20
(4,12, M) 0.0000 20 0.0031 18 0.0075 15 0.0021 18
(4,14, M) 0.0000 20 0.0070 20 0.0135 13 0.0060 18
(4,16, M) 0.0000 20 0.0159 4 0.0178 6 0.0119 7
Average 0.0000 20 (140) 0.0038 17.42 (122) 0.0057 16.28 (114) 0.0031 17.57 (123)
All Avg. 0.0000 19.95 (419) 0.0037 17.00 (357) 0.0050 16.28 (342) 0.0026 17.80 (374)
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Table 8

Paired t-tests on the average ARPD between GRASP_WLS and IRG.
N Mean S-Dev t-value P-value Significant
4 0.000000 0.0000 - - No
6 0.000028 0.0002 1.00 0.321 No
8 -0.000200 0.0033 -0.47 0.640 No
10 0.001112 0.0028 3.01 0.004 Yes
12 0.002488 0.0059 3.22 0.002 Yes
14 0.004261 0.0054 5.97 0.000 Yes
16 0.001617 0.0037 3.36 0.001 Yes

Table 9

Paired t-tests on the average ARPD between GRASP and IRG.
N Mean S-Dev t-value P-value Significant
4 0.000000 0.0000 - - No
6 0.000000 0.0000 - - No
8 0.000552 0.0042 1.00 0.321 No
10 -0.000541 0.0027 -1.55 0.127 No
12 0.001844 0.0046 3.09 0.003 Yes
14 0.001867 0.0044 3.19 0.002 Yes
16 0.003653 0.0044 6.48 0.000 Yes

Table 10

Average rankings achieved by Friedman test on
small instances.

Algorithms Rankings
GRASP 4.3309
IRG 4.9797
GRASP_WLS 5.6892

positions, the procedure described in Section 3 is followed, and the re-
sults are provided in Appendix. Here, the h. Cmax value used to calculate
the Z value via the mathematical model described in Section 3 is ob-
tained by running GRASP for N x M x 20 milliseconds. Assuming that
the times spent to find the h Cmax and Z values are ty and ty, respec-
tively. The RIV_PB + SBC4 model is run for 500 — (t; + tp) seconds to
make a fair comparison. In other words, the time spent to find the Z
value and the running time of the model are provided to be 500 seconds
in total. All instances are optimally solved in a very short time using the
mathematical model developed to determine the Z value. While solving
420 instances, this model solves the most time-consuming instance in
8.768 seconds, the least time-consuming instance in 0.007 seconds, and
the average time for all instances is 0.218 seconds. The summarized
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comparison of IV_PB + SBC4 and RIV_PB + SBC4 are shown in Table 5.

As illustrated in Table 5, although the RIV_PB + SBC4 model
required extra time to calculate the Z value prior to execution, it still
achieved more optimal solutions (385 optimal solutions) with a lower
average gap value (0.845%) and a shorter average computational time
(57.381 seconds) compared to the IV_PB + SBC4 model.

For the final test in this section, the results of the RIV_PB + SBC4
model are compared to those obtained from applying the automatic
Benders decomposition algorithm in CPLEX version 12.7.1 to the RIV_PB
+ SBC4 model (referred to as ABD_RIV_PB + SBC4). Additionally,
comparisons are made with both the pure and hybrid Benders decom-
position methods presented in Section 5 (referred to as BD_RIV_PB +
SBC4 and HBD_RIV_PB + SBC4, respectively). For a fair comparison, the
same Z values obtained in the previous test are used, and, similarly, the
same (ty + ty) time values obtained in the previous test are subtracted
from 500 seconds to determine the remaining time for running
ABD RIV_PB + SBC4, BD_RIV_PB + SBC4, and HBD_RIV_PB + SBCA4.
Additionally, in each iteration of HBD_RIV_PB, GRASP is executed with a
time limit of N x M x 10 milliseconds, and the running times of GRASP
in each iteration are included in the total running time of HBD_RIV_PB +
SBC4. Four threads are used in the CPLEX solver running in determin-
istic mode for each model execution. In the implementation of
BD_RIV_PB + SBC4 and HBD_RIV_PB + SBC4, the CPLEX presolver is
disabled, whereas for the other models, the decision is made by the
CPLEX solver. The performance comparison of Benders Algorithms and
RIV_PB + SBC4 model is presented in Table 6. In Table 6, the #Cuts
column shows the average number of Benders optimality cuts utilized
during the optimization process.

As can be seen from Table 6, HBD_RIV_PB + SBC4 successfully solves
419 instances optimally. It is followed by BD_RIV_PB -+ SBC4,
ABD_RIV_PB + SBC4, and RIV_PB + SBC4, which achieve 394, 380, and
385 optimal solutions, respectively. RIV.PB + SBC4 achieves the
shortest average solution time of 57.381 seconds for the instances.
Following this, HBD_RIV.PB + SBC4, BD_RIV.PB + SBC4, and
ABD_RIV_PB + SBC4 have average times of 147.996, 171.810, and
188.289 seconds, respectively. It is clear that HBD_RIV_PB + SBC4 ex-
hibits the shortest average solution time among the Benders algorithms
analyzed in this comparison. In Benders decomposition algorithm, the
master problem typically demands the most time to solve, whereas the
submodels are solved rapidly during the iterations, since they are linear
programming models. Therefore, the time required for the submodels is
insignificant in comparison to that for the master models. In terms of
average solution gap, HBD_RIV_PB + SBC4 reaches the lowest average
gap value with 0.011. It is followed by the BD_RIV_PB + SBC4, RIV_PB +

Table 11
The average ARPD and RBS of IRG and GRASP for large instances with q = 30.
(F, N, M) IRG GRASP (F, N, M) IRG GRASP
RBS Avg. ARDP RBS Avg. ARDP RBS Avg. ARDP RBS Avg. ARDP

(2,20, M) 10 0.0140 15 0.0088 (5, 20, M) 28 0.0045 26 0.0051
(2, 50, M) 10 0.0124 18 0.0091 (5, 50, M) 11 0.0117 14 0.0078
(2, 100, M) 8 0.0157 19 0.0108 (5, 100, M) 7 0.0122 13 0.0094
(2, 200, M) 5 0.0138 12 0.0115 (5, 200, M) 6 0.0090 7 0.0088
(2, 500, M) 2 0.0077 3 0.0071 (5, 500, M) 3 0.0098 3 0.0093
Average 0.2916 (35) 0.0135 0.5583 (67) 0.0097 Average 0.4583 (55) 0.0094 0.5250 (63) 0.0078
(3,20, M) 10 0.0130 18 0.0119 (6, 20, M) 30 0.0003 30 0.0001
(3,50, M) 11 0.0122 15 0.0090 (6, 50, M) 13 0.0091 12 0.0080
(3, 100, M) 11 0.0134 17 0.0122 (6, 100, M) 11 0.0114 15 0.0092
(3, 200, M) 4 0.0107 10 0.0098 (6, 200, M) 7 0.0086 8 0.0086
(3, 500, M) 5 0.0080 1 0.0098 (6, 500, M) 3 0.0080 4 0.0081
Average 0.3416 (41) 0.0121 0.5083 (61) 0.0107 Average 0.5333 (64) 0.0073 0.5750 (69) 0.0064
(4, 20, M) 12 0.0160 14 0.0156 (7, 20, M) 30 0.0006 30 0.0001
(4, 50, M) 12 0.0116 15 0.0109 (7, 50, M) 8 0.0104 19 0.0070
(4, 100, M) 12 0.0119 14 0.0101 (7, 100, M) 5 0.0127 18 0.0087
(4, 200, M) 5 0.0135 8 0.0115 (7, 200, M) 11 0.0064 11 0.0050
(4, 500, M) 2 0.0056 2 0.0064 (7, 500, M) 4 0.0078 4 0.0088
Average 0.3583 (43) 0.0126 0.4416 (53) 0.0116 Average 0.4833 (58) 0.0076 0.6833 (82) 0.0055
All Average 0.3486 (251) 0.0126 0.5486 (395) 0.0086
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SBC4 and ABD_RIV_PB + SBC4 with the gap averages of 0.463%, 0.845%
and 1.256% respectively. When examining the iterations of HBD_RIV_PB
+ SBC4, BD_RIV_PB + SBC4, and ABD_RIV_PB + SBC4, it is apparent that
the Benders iterations are significantly reduced by adding an extra cut,
generated via a heuristic, to the master model in each iteration. To
facilitate the analysis of experimental results, the results of all perfor-
mance measurements for all compared exact methods are normalized
between 0 and 1 and are shown in Fig 3. As can be seen from Fig 3,
HBD_RIV_PB + SBC4 outperforms the other exact solution methods by
optimally solving 419 instances, while the PB model shows the worst
performance, achieving optimal solutions for only 253 instances, con-
firming what is declared by the authors in their paper.

It should be noted that the HBD RIV_PB + SBC4 model could not
optimally solve only the instance named I_3_16_5_5, with a gap value of
4.83%, out of 420 instances. In Appendix, the solution values obtained
for each instance using the HBD_RIV_PB + SBC4 model, the number of
cuts applied during the solution process, and the solution times for each
instance are provided in the columns labeled O_Value, #Cuts, and
S_Time, respectively.

7.3. Computational tests for GRASP

In this subsection, the performance of GRASP is first compared with
the HBD_RIV_PB + SBC4 model using small-size instances, as well as the
Iterated Reference Greedy algorithm (IRG) proposed by Ying et al. [9],
which is the only approximation algortihm developed in the literature
for solving DFy, |prmu; no_idle|Cinax. In their study, Ying et al. [9] adapted
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the iterated greedy (IGpgr) algorithm, originally developed by Pan and
Ruiz [26] to solve the mixed no-idle permutation flowshop scheduling
problem, to solve DFp|prmu; no_idle|Cpmay. The test results from Ying
etal. [9] demonstrated that IRG outperforms the IGpg algorithm. For this
purpose, IRG is reimplemented in this paper. Additionally, to better
analyze the fundamental performance of GRASP, the case of GRASP
without the local search algorithm (GRASP_WLS) used in the experi-
ments (see line 5 of Algorithm 1) are run separately. The CPU time limit
for running the approximation algortihms is set to N x M x 50 milli-
seconds and all approximation algortihms are executed 5 times (repli-
cations). The solution results of the HBD_RIV_PB + SBC4 model are
taken from the previous subsection. Average Relative Percent Deviation
(ARDP) is used as the response variable in algorithm comparisons (see
Eg. (63)).

R Somefilg — Besty 1
ARDP = (Z — el > X2

r=1

(63)

r
alg

considered algorithm run on a given instance and Best;, is the optimal
or the lowest known upper bound value known for the relative instance.
The average ARPD and RBS values for the algorithms compared in this
study, based on small problem instances, are presented in Table 7. These
values are grouped according to the different values of F and N used in
the experiments. As shown in Table 7, when analyzing the lowest
average ARPD values for various F, GRASP delivers the best perfor-
mance among the approximation algorithms. It is followed by IRG and

where Some],, is the solution obtained by the replication r of the
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Table 12
Paired t-tests on the average RPD of GRASP and IRG for large instances for q =
30.

N Mean S-Dev t-value P-value Significant
20 0.0011 0.0059 2.52 0.013 Yes
50 0.0026 0.0062 5.61 0.000 Yes
100 0.0028 0.0067 5.68 0.000 Yes
200 0.0011 0.0067 1.88 0.062 No
500 -0.0004 0.0041 -0.81 0.419 No

GRASP_WLS, respectively. Similarly, when considering the average
ARPD values across all F, GRASP once again outperforms the other
approximation algorithms, achieving a value of 0.0026. IRG and
GRASP_WLS follow with values of 0.0037 and 0.0050, respectively. It is
important to note that all the compared approximation algorithms
achieve ARPD values close to 0 on average, indicating that they are all
effective for solving small-sized instances. The average total RBS values
are also displayed in Table 7. Among the approximation algorithms,
GRASP again yields the highest average total RBS value for all F, with a
value of 17.80 (374). It is followed by IRG with 17.00 (357) and
GRASP_WLS with 16.28 (342). Based on these results, it is clear that
GRASP demonstrates a strong potential for solving small-sized instances,
even without the inclusion of a local search algorithm (in its pure form).
As highlighted in the previous subsection, the HBD_RIV_PB + SBC4
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algorithm successfully solves all instances to optimality, except for the
instance labeled 1.3.16_5.5. While HBD RIV_PB + SBC4 solved this
instance with the objective function value of 537, the value of 535 is
obtained with GRASP for the relevant instance. A paired t-test is con-
ducted between IRG and GRASP_WLS at a 5% confidence level for each
distinct N and the test results are given in Table 8. As shown in Table 8,
the difference between the means of both algorithms is insignificant for
N = 4, 6, and 8, while it becomes significant for N = 10, 12, 14, and 16.
Similarly, a paired t-test is conducted between IRG and GRASP and the
test results are given in Table 9. In this comparison, the difference be-
tween the means of both algorithms is insignificant for N = 4, 6, 8, and
10, whereas it is found to be significant for N = 12, 14, and 16. A
Friedman test is also conducted on the small-sized instances to analyze
the performance of the algorithms, as suggested by Derrac et al. [68].
The test provides a ranking of the algorithms, with lower values indi-
cating better rankings. The ranking values are presented in Table 10.
Based on these results, it can be concluded that GRASP ranks the highest
among the three, followed by IRG and GRASP_WLS.

In this paper, the performances of IRG and GRASP are compared
using a large set of 720 instances as the second test, under three preset
maximum CPU times, i.e., N x M x q, where q = {30, 90}. Algorithms
are executed 5 times (replications). Table 11 compares IRG and GRASP
across different problem configurations for q = 30. As can be seen from
Table 11, GRASP generally performs better in terms of both the number

Table 13
The average ARPD and RBS of IRG and GRASP for large instances with q = 90.
(F, N, M) IRG GRASP (F, N, M) IRG GRASP
RBS Avg. ARDP RBS Avg. ARDP RBS Avg. ARDP RBS Avg. ARDP

(2, 20, M) 13 0.0099 17 0.0067 (5, 20, M) 27 0.0050 29 0.0036
(2, 50, M) 2 0.0104 29 0.0059 (5, 50, M) 14 0.0092 17 0.0068
(2, 100, M) 8 0.0099 23 0.0054 (5, 100, M) 13 0.0088 19 0.0061
(2, 200, M) 8 0.0133 12 0.0088 (5, 200, M) 10 0.0077 10 0.0082
(2, 500, M) 3 0.0072 7 0.0052 (5, 500, M) 7 0.0055 3 0.0085
Average 0.2833 (34) 0.0104 0.7333 (88) 0.0064 Average 0.5916 (71) 0.0075 0.6500 (78) 0.0062
(3,20, M) 17 0.0114 15 0.0106 (6, 20, M) 30 0.0001 30 0.0001
(3,50, M) 17 0.0084 15 0.0067 (6, 50, M) 17 0.0085 14 0.0079
(3, 100, M) 15 0.0103 17 0.0089 (6, 100, M) 15 0.0080 17 0.0061
(3, 200, M) 12 0.0096 8 0.0094 (6, 200, M) 13 0.0076 10 0.0074
(3, 500, M) 6 0.0069 5 0.0085 (6, 500, M) 6 0.0069 4 0.0069
Average 0.5583 (67) 0.0097 0.5000 (60) 0.0088 Average 0.6750 (81) 0.0060 0.6250 (75) 0.0053
(4, 20, M) 14 0.0164 19 0.0157 (7, 20, M) 29 0.0008 30 0.0002
(4, 50, M) 7 0.0092 23 0.0060 (7, 50, M) 8 0.0107 23 0.0080
(4, 100, M) 11 0.0114 19 0.0080 (7, 100, M) 15 0.0079 18 0.0056
(4, 200, M) 9 0.0086 12 0.0083 (7, 200, M) 15 0.0052 9 0.0058
(4, 500, M) 3 0.0067 7 0.0062 (7, 500, M) 6 0.0062 4 0.0073
Average 0.3666 (44) 0.0112 0.6666 (80) 0.0093 Average 0.6083 (73) 0.0062 0.7000 (84) 0.0050
All Average 0.5138 (370) 0.0085 0.6458 (465) 0.0068
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Fig 6. Average ARDP values of compared algorithms for q = 90.
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Table 14
Paired t-tests on the average RPD of GRASP and IRG for large instances for q =
90.

N Mean S-Dev t-value P-value Significant
20 0.0011 0.0060 2.50 0.013 Yes
50 0.0025 0.0049 6.82 0.000 Yes
100 0.0026 0.0054 6.63 0.000 Yes
200 0.0006 0.0066 1.11 0.268 No
500 -0.0005 0.0050 -0.85 0.401 No

of better solutions found and the quality of those solutions. For instance,
in the configuration (2, 20, M), GRASP finds 15 better solutions with an
Avg. ARDP of 0.0088, whereas IRG finds only 10 better solutions with an
Avg. ARDP of 0.0140. Similarly, in the (5, 500, M) configuration, both
algorithms find 3 better solutions, but GRASP achieves a slightly better
Avg. ARDP of 0.0093 compared to IRG’s 0.0098. Overall, GRASP has a
higher average RBS of 0.5486 (395 better solutions) compared to IRG’s
0.3486 (251 better solutions), and a lower average Avg. ARDP of
0.0086, while IRG has a higher average Avg. ARDP of 0.0126, indicating
that GRASP consistently finds more high-quality solutions. This trend
holds true across all problem sizes, with GRASP demonstrating superior
performance, especially for larger problems.

Figs. 4 and 5 present the average ARPD and RBS results for the
compared algorithms when q = 30, respectively.

A paired t-test is conducted between IRG and GRASP at a 5% con-
fidence level for each distinct N when q = 30 and the test results are
given in Table 12. For N = 20, the result is statistically significant with a
p-value of 0.013. For N = 50 and N = 100, both show highly significant
results with p-values of 0.000. However, for N = 200, the result is not
significant (p = 0.062), and for N = 500, the result is also not significant
with a p-value of 0.419. In general, smaller sample sizes show significant
results, while larger sample sizes do not.

Table 13 compares IRG and GRASP across different problem con-
figurations for q = 90. In the configuration (2, 20, M), GRASP performs
better than IRG, finding 17 better solutions with an Avg. ARDP of
0.0067, while IRG finds only 13 solutions with an Avg. ARDP of 0.0099.
Similarly, for (5, 20, M), GRASP achieves 29 better solutions with an
Avg. ARDP of 0.0036, while IRG finds 27 solutions but with a higher
Avg. ARDP of 0.0050. In larger problem sizes, such as (5, 500, M), even
though IRG finds more solutions (7 vs. 3 for GRASP), GRASP still pro-
duces better quality solutions, with an Avg. ARDP of 0.0085 compared
to IRG’s 0.0055. When looking at the averages across all configurations,
GRASP consistently performs better, finding 465 solutions compared to
IRG’s 370, and having a lower overall Avg. ARDP of 0.0068 versus IRG’s
0.0085. GRASP generally performs better by finding more solutions and
delivering higher-quality results. The difference in performance is
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especially noticeable in larger problem sizes, where GRASP shows its
strength. IRG, while competitive in smaller problem sizes, falls behind in
larger instances.

Figs. 6 and 7 present the average ARPD and RBS results for the
compared algorithms when q = 90, respectively.

A paired t-test is performed between IRG and GRASP at a 5% con-
fidence level for each N when q = 90, with the results shown in Table 14.
For N = 20, the result is significant with a p-value of 0.013. For N = 50
and N = 100, the results are highly significant with p-values of 0.000.
However, for N = 200 and N = 500, the results are not significant, with
p-values of 0.268 and 0.401, respectively. In conclusion, significant re-
sults are observed for smaller sample sizes, while larger ones show no
significance.

8. Conclusions

This paper addresses DFy, |prmuw; no_idle|Cpax which is a more general
case than both the DPFSP and NIPFSP. Apart from the work by Ying et al.
[9], which is the only study that deals with this problem, no other
research has been conducted in this area. Ying et al. [9] proposed a
position-based MILP model and an IRG to solve the problem. They also
adapted IGpg by Pan and Ruiz [26] to evaluate the performance of IRG
and compare it with a state-of-the-art algorithms. Their findings showed
that IRG outperforms IGpg in terms of average RPD and RBS. To bridge
the gap for DNIPFSP, this paper presents three MILP models and GRASP
to efficiently solve this problem. Although GRASP is widely used in
scheduling literature, it has not been applied to any variant of distrib-
uted flow shop scheduling problems before. LS3 algorithm is modified to
improve not only the critical factory (with the highest makespan) but
also other factories, and this modification is incorporated into GRASP as
a local search. The MILP models presented in this paper include a
sequence-based (SB) model, an improved version of the position-based
(IV_PB) model proposed by Ying et al. [9]. This paper also introduces
a procedure that combines another mathematical model with a heuristic
solution obtained through GRASP to determine an upper bound value
for the decision variables in IV_PB model, aiming to eliminate unnec-
essary extra positions in IV_PB model (determines an upper bound value
for the decision variables incorporating position assignments). Subse-
quently, a new MILP model based on IV_PB model is developed by
restricting the decision variables using the obtained upper bound value,
referred to as RIV_PB model. The traditional Benders decomposition
algorithm is then applied to RIV_PB model. To accelerate the conver-
gence of the Benders algorithm, a hybrid Benders algorithm is developed
by combining RIV_PB model and GRASP within the Benders decompo-
sition framework. Experimental results show that the new exact
methods introduced in this paper outperform previous approaches in all
aspects. Notably, the hybrid Benders algorithm proves to be more
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effective than other exact methods. For comparison, IRG is reimple-
mented in this paper, and the computational results demonstrate that
GRASP performs competitively with IRG. In addition to its effectiveness,
GRASP is structurally simple and involves very few parameters, making
it an ideal choice for such problems. As future work, the hybrid Benders
decomposition algorithm and GRASP can be applied to other types of

flow-shop scheduling problems.
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